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Abstract 

In this paper, we study the Cauchy problem of the magnetic type Zakharov 
system which describes the pondermotive force and magnetic field generation effects 
resulting from the non-linear interaction between plasma-wave and particles. By 
using the energy method to derive a priori bounds and an approximation argument 
for the construction of solutions, we obtain local existence and uniqueness results 
for the magnetic Zakharov system in the case of d = 2, 3. 
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1 Introduction and the main results 

In this paper we study the Cauchy problem for the magnetic Zakharov system 

iEt + V(V • E) - aV x (V x E) - nE + IE x B = 0, 
n tt - An = A\E\ 2 , (1.1) 
B tt + A 2 B - AB = -iA 2 (E x E) 

with initial data 

E{0,x)=E , (n(0,s),n t (0,s)) = (n ,ni) ) (5(0, x), B t (0, x)) = (B , #i), (1.2) 

where a > 1 is a constant, x <E R d , d = 2, 3. The function E : M©M d -> C 3 is the slowly 
varying amplitude of the high-frequency electric field, and the function n : R © M. d — > R 
denotes the fluctuation of the ion-density from its equilibrium, and B : R © M. d — >• R 3 is 
the self-generated magnetic. E denotes the conjugate complex of E, and the notation 
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x appearing in (II. ip means the cross product for ]R 3 or C 3 valued vectors. If the space 
dimension d = 2, E and B are always taken as the form E(t,x) = (Ei(t, x), E2(t, x), 0), 
B(t,x) = (0,0,B 3 (t,x)), x e M 2 . 

Omitting the magnetic field B, then the system (|l.ip - ([1.2|) reduces to the standard 
Zakharov system (taking a = 1) 

' iEt + AE = nE, 

< n tt - An = A\E\ 2 , (1.3) 
_ E(0,x) = E , 77,(0, x) = n , n t (0,x) = n±. 

This system has been studied by many mathematicians in the past decades. For the 
Zakharov system (jl.3p . local existence and uniqueness of smooth solution (E,n) E 
L°°(0,T;H m © H m ~ 1 ) with m > 3 integer were first obtained by C. Sulem and P. 
L. Sulem [T7], in which they also proved the solution is global in time in one spatial di- 
mension. We also refer to [8] for the results of classical solution in one space dimensional 
case. In p], H. Added and S. Added proved the smooth solution can be extended globally 
in time when HE'oIIl 2 is small in the case d = 2. Local well-posedness in H 2 ®H l ®L 2 was 
shown by T. Ozawa and Y. Tsutsumi in |15j . J. Bourgain and J. Colliander [3] obtained 
local wellposed results in the energy norm {Eq,tiq, rii) £ H 1 © 1? © H~ l and showed the 
solution is global under small assumption on Eq in d = 2, 3. Furthermore, J. Ginibre, 
Y. Tsutsumi and G. Velo [9] established local well-posedness theory in lower regularity 
Sobolev spaces. For more well-posedness results for the Zakharov system (|1.3p . we refer 
to [U[5l[TlJ[T6] an d the references therein. 

However, the system (jl.3p ignores the effect of the magnetic filed which is generated 
in the laser plasma. In fact, it is meaningful to consider the self-generated magnetic 
field in the Zakharov system from physical viewpoint, e.g. we can study whether the 
magnetic field can promote the formation of soliton in three dimensions or whether it can 
affect the collapse process of wave packet in plasma. The magnetic B has has different 
expressions in different plasmas. In a cold plasma, the spontaneous of a magnetic filed 
is given by 

AB - inV x (V x (E x E)) + f3B = 0, < 0, rj > (1.4) 
while in a hot plasma, the magnetic filed satisfies 

AB - inV x (V x (E x E)) - 7-^ f ^ t,V }„ dy = 0, 77,7 > 0. (1.5) 

dt J R 3 \x - y\ l 

One can see [13] for the derivation of the above magnetic equation. In [TJ], C. Laurey 
studied the existence and uniqueness of the solution for the Zakharov system with the 
magnetic given by (|1.4p or (II. 5p . Starting from Vlasov-Maxwell equations, X. He [10] first 
derived the magnetic system (jl.ip . for which describes the pondermotive force and mag- 
netic field generation effects resulting from the non-linear interaction between plasma- 
wave and particles. Hence, in the present paper, we are devoted to studying the Cauchy 
problem of the magnetic Zakharov system (jl.l| )- (ll.2p . 

To obtain local well-posedness of the the magnetic Zakharov system (jl.ip - (jl.2p . we 
use the energy method together with communicator estimate to derive a priori bounds 
and an approximation argument for the construction of solutions. After obtaining the 
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uniform bounds for the approximating solutions, we prove strong convergence of these 
solutions, then we can get the well-posedness results. Now we state our main results. 

Theorem 1.1. Assume that s > |, and let Dr(0) be the set of (Eq, uq, n\, Bq, B{) G 
H s+i eH s e ( H s-i n h- 1 ) © (H s n H- 1 ) © (H s ~ 2 n H~ 2 ) such that 

WEqWh^ 1 + ll n 0||H s + |l n l||fl-s-l n jj-l + ll-^olljfspijj-l + 1 1 JBl 11^-8-2^-2 < R- 

Then for all R > 0, there exists T max = T max (i?) > such that for all 
(Eq, no, n\, Bq, B\) G -Dr(O) the magnetic Zakharov system (jl.ip has a unique solution 
(E, n, B) with 

(E,n,B)eC(lO,T miiX );H s + 1 ®H s ®(H s nH- 1 )), 

(Et,nt,B t ) GC^T^F-^^nrXF^nr 2 )). 1 ' ' 

Note that the above theorem needs the additional condition m € H" 1 , Bq G H" 1 and 
B 1 G H~ 2 . Since S(R 2 ) £ H' 1 ^ 2 ) and 5(M 3 ) £ #~ 2 (]R 3 ), the additional assumption 
on ni, i?o, Si seems unnatural. In fact, inspired by [TJ, this condition can be removed 
by splitting the initial data into low frequency part and high frequency part. Namely, 
we have the following result concerning the Cauchy problem for the magnetic Zakharov 
system. 

Theorem 1.2. Assume s > |, and let -Dr(O) be the set of (Eq, uq, n\, Bq, B\) G H s+l © 
H s © i? 8 " 1 © iP © i? s " 2 such that 

\\E$\\h s + 1 + || n o||H s + | l^i ||_ff s -i + ||-Ro||h s + ||-Si||ifs-2 < -R- 

T/ien for all R > 0, i/iere exists T max = T max (i?) > suc/i i/ia£ /or aZZ 
(EQ,nQ,n\, Bq, B\) G -Dr(O) £fte magnetic Zakharov system (jl.ip /ios a unique solution 
(E, n, B) with 

(E,n,B)eC([0,T max );H s+1 eH s (BH s ), 
(E t ,n t , Bt) G C([0, T max ); iT^ 1 © S 5 " 1 © iP" 2 ). 

Throughout the paper, the square root of the Laplacian (—A) 2 will be denoted by 
A and obviously 

-W) = \£\f. 

We denote the inner product of / and g by (/, g) := f^df(x) • g(x)dx. We define, for 
s G M and 1 < p < 00, the inhomogeneous Sobolev space H s ' p (R d ) or simply of 
tempered distribution / such that 

||/||ff.,P = ||(I- A)S/||iP < 00, 

where (J - A)l / is defined by (J - A)i/ = J^ 1 ((1 + |£| 2 )^/)- If p = 2, we write ff s 

instead of -£P' 2 for short, and by PlancherePs theorem ||/||h s = ||(1 + |C| 2 )^/IIl 2 - For 
s£l, one can define the homogeneous Sobolev space H s ' p or H s (= H s ' 2 ) by 

II/II^,p = WfWLP < OO. 
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This paper is organized as follows. In the next section, we derive some conserved 
quantities of the system (jl.ip . and present the existence result of weak solutions. In 
Section 3, we introduce a regularized system for our magnetic Zakharov system that 
exists a unique smooth solution globally. We derive a priori estimates for this regularized 
system in Section 4 and obtain the strong convergence property of the approximating 
solution in Section 5. Section 6 is concerned with the proof of the main theorem. 

2 Conserved quantities and weak solutions 

As we know, conserved laws paly an important role in the analytic theory(e.g. well- 
posedness theory and asymptotic behavior) for nonlinear PDEs of physical origin. For 
the magnetic Zakharov system (jl.ip . we have the following conserved results. 

Proposition 2.1. For sufficiently regular solutions of the system (jl.ip . there hold two 
conserved quantities: 

<Z>(t):=\\E(t)\\l 2 =m, (2-1) 



+ iiiA- 2 ^*)^ + ±\\B(t)\\h + Iw^mwh 



+ n(t)\E(t)\ 2 dx + i (E(t) x E(t)) ■ B(t)dx 

= (0). (2.2) 

Proof. Multiplying the first equation of (jl.ip by E, then integrating the imaginary part 
over M. d , and noticing that 

2lm(iE t -E) = \E\ 2 , (V(V = -||V-£||| 2 , (nE, E) = \\n\E\ 2 \\ L i, 

(V x (V x E), E) = || V x E\\ 2 L2 , i(Ex B)-E = i(E x E) ■ B 

and E x E is purely imaginary, we then obtain 

from which (|2.ip follows. 

Now multiplying the first equation of (jl.ip by —Et and integrating the real part, 
then we have 

■ E\\ 2 L2 +a\\V x E\\ 2 L2 ) + - [ n\E\ 2 dx - Re i [ (E x B) -E~ t dx = 0. (2.3) 
2 at 2 J R d jjjd 

We take inner product of the second equation of (jl.ip with A~ 2 nt and obtain 

Il(||A-V||| 2 + ||n||| 2 )+ / n t \E\ 2 dx = 0. (2.4) 
2 at j R d 
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Similarly, if one takes inner product of the third equation of (11. ip with A 4 Bt, then one 
has 

--(IIA" 2 ^!!^ + \\Bf L2 + IIA-^H^) + i (E x E) ■ B t dx = 0. (2.5) 
z at j Rd 

Since (E x E) t = 2iIm(E x E t ), we then have 

-Re i {Ex B)- E~ t dx = -Im / (E xE~ t ) ■ Bdx 



(E x E) t ■ Bdx. (2.6) 



Combining the equalities (12.3j) - (l2.6j) . we then get 

!•<*> = 

which implies that V(t) = ^(0). □ 

The conserved quantities (|2.ip - (|2.2p are the mail tool in establishing the global ex- 
istence of weak solutions for the system (jl.ip - (|1.2p . Before doing so, we first give the 
following elementary lemma. 

Lemma 2.1. Assume f(t) is a nonnegative continuous function in M + , and satisfies 

f(t) <a + bf K (t), a, b > 0, k > 1. 

Ifa K ~ l b < ^'S' 1 and /(°) ^ a > then /(*) is bounded in R+. 

Proof. Let g{x) = a + fcr K — j;, x > 0. It is easy to see that the function g has a unique 

critical point xq = Hence, the condition a K ~ 1 b < ^ K ~^l — ensures f(xo) < 

which implies that there exist two points x\ < xi such that g{x\) = g{x2) = 0. So if 
g(x) > 0, then either x > X2 or < x < x\. Now set x = f(t), since a < x\ and f(t) is 
continuous, then the another condition /(0) < a ensures f(t) < x\ for all t > 0. Lemma 
O then follows. □ 

Lemma 2.2. Let (E,n,B) be a sufficiently regular solution to the magnetic Zakharov 
system (jl.ip - (jl.2p with \\Eq\\ L 2 small (d = 2) or H-E^HiT 1 small (d = 3), more precisely, 



2\\E \\ 2 L2 < HQllla, if d = 2, 

where Q = Q(x) is the ground state solution of 

AQ-Q + Q 3 = 0, x€R 2 . 

Then we have 

\\Ef H i + \\n\\ 2 L 2 + + 11^11^^ + ||B t ||^_ a < C, (2.8) 

here the constant C depends on \\Eq\\ h i, ||no||i2, ||ni||^-_i, ||i?o|li2 n £f-i, || -Bi | [ jy— 2 - 
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Proof. By Cauchy-Schwarz inequality, we have 



n\E\ dx 



1 



< e\\n\\h + iz\\E\\h < 4n\\h + T K*(d)\\E\\l- 2 d \\VE 



4e 



4e 



L 2 



(2.9) 



for all < e < |, where we have used the following Sobolev best constant inequality 
(see pi]) 

||/|ll 4(Rd) <K^d)||/||^ Rd) ||V/||^ (Rd) , 
and K 4 (d) = ijWp— , Q is the ground state solution of 



^AQ-(2-^)Q + Q 3 



0. 



Similarly, we can obtain 



(E(t) x E(t)) ■ B{t)da 



<4B\\ 2 L 2 + ^K 4 



E\ 



4— d II V7 i?||<i 

L 2 l|V-e||x^ 



(2.10) 



for all < e < |. 



Due to the fact ||V-B(t)|| 2 2 + ||V x E(t)\\ 2 L2 = ||VS||^ a , we deduce from (I2TTD1 



and Proposition 12.11 that if d = 2 
,1 



|V£||i 2 + ( 



e)\\n\\h + ( 
1 



J- e )l|B|i! 2 + + : 



2 ii «n// 



-i + 



l-S* 11^-2 



<|*(0)| + -K 4 (2)||£o||i 2 ||V£||i 2 



|¥(0)| + 



1 ll-Ei 



oIIl2 



2 

L 2 



V£| 



L 2 " 



If 2||£b|li2 < ||Q|li 2 , then we can choose e very close to % such that ||-Eb|| 2 2 < e IIQ|li 2 ; 
thus (|2.8p follows in the case d = 2. 
If d = 3, we can obtain(e = \) 



|VB| 



L 2 



< |tf(0)| +2K 4 (3) ||Eb \\ L 2 1| VB||| 2 . 



If we take /(t) = ||VB| 



L 2 ' 



|tf(0)|, b = 2K\3)\\E \\ L 2, k 



|, then Lemma |2. II gives 



(2.11) 

es 
□ 



||V.E(t)||| 2 < C for all t > 0. Hence, ([23]) is obtained from (l2~TT]l . 

So an immediate application of the conservation laws f)2. 1|) - (|2.2|) is to establish the 
existence of weak solutions to the magnetic Zakharov system (jl.ip . 

Theorem 2.1. If E £ H 1 , (n ,ni) el 2 ©^ 1 , (Bo, -Si) € (L 2 n H' 1 ) ® H" 2 , and the 
initial data satisfying (j2.7|) . i/ien i/iere exists a weak solution (E,n,B) for the system 
(|l.l|) - (|1.2p in the distributional sense such that 

E € L co {R + ;H 1 ), (n, n t ) £ L°°(1R + ; L 2 © B _1 ), (B, € L°°(]R + ; (L 2 n B~ _1 ) © B~~ 2 ). 

Using the prior estimate (|2.8p . Theorem 12.11 can be proved by applying Galerkin 
method and compactness argument, since this procedure is standard, the proof of The- 
orem [2J] is omitted here. 



6 



3 Regularization for the original system 

In this section, we introduce a regularized system for our original system (jl.ip . Now 
consider the following system(0 < e < 1) 

iE\ + ie 2 A 2 El + V(V • E e ) - qV x (V x E e ) - n e E e + iE e x B e = 0, (3.1a) 
n e tt -An e = A\E e \ 2 , (3.1b) 

with smooth initial data 



B e tt + A 2 B e - AB e = -iA 2 {E e x E^) (3.1c) 



£ e (0) = Eq, n £ (0) = 4, n t e (0) = n\, 5 £ (0) = B< , Bt(0) = Bf. (3.1d) 

With the same argument as Proposition 12. 1| we can obtain some conservation results 
for this regularized system. 

Proposition 3.1. Assume (E € ,n € ,B e ) is a sufficient regular solution for the system 
(|3. lap - f|3. ld|) . then we have 

<& e (t) :=\\E e (t)\\ 2 L2 + e 2 \\AE*(t)\\ 2 L2 = <I> £ (0), (3.2) 
¥ e (t) :=||V • ^(t)\\b + «H V x &®\\b + \\\^(t)\\ 2 L2 + illA-^^Hl, 
+ l -\\k~ 2 Bl(t)\\ 2 L2 + l -W(t)\\ 2 L2 + l -\\k-'B*{t)\\ 2 L2 
+ [ n e {t)\E e {t)\ 2 dx + i [ (E e (t) xW(Jj) ■ B e (t)dx 

JR d J«. d 

= * e (0). (3.3) 
Let C = (I + e 2 A 2 ) -1 , and let A be the linear operator defined by 
AE = - V(V '£) + «Vx(Vx E), 
since the operator LA is self-adjoint, then the linear equation 

iEt = CAE, E(0) = E 



generates a unitary group U(t) in H r (M. ). Therefore, we can transform the regularized 
system (|3.1a|) - (|3.1d|) into the following integral equation 

E*(t) = U(t)E e + f U(t - r)f(E e (r))dT, (3.4) 
J o 

where f(E e (t)) = -iC(n e E e ) - £(E 6 x B e ), and n e = n e (E e ), B e = B e (E e ) is the solution 
of equation (j3. lb|) . (|3. lc|) respectively. Indeed, we can express n € (E e ), B e (E e ) by 



n*{E*) = cos((-A) 1 /2t) n e + sin((-A) 1 / 2 t) 



(-A)V2 

+ / . sm( (-A^( ; - T )) A|E , (T)|2fc p5) 
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and 

-'jf ^-g^-^ Wx^r, ,3,) 

here (V) is the Fourier multiplier with symbol (£) = (1 + l^l 2 ) 1 ^ 2 - 

The main result in this section is the following global existence of smooth solution 
for the regularized system (|3.1ap - (|3.1dp . 

Theorem 3.1. Given e G (0, 1), and suppose that Eq G H r+1 , (n e ,n{) G H r © (iF -1 n 
ij- 1 ), (-Bg,B|) G {H r - l nH~ l )®{H r - z r\H- 2 )), r is large enough{e.g. r > f + s + 100), 
i/ien i/iere exists a unique smooth solution (E e ,n e ,B e ) for the regularized system (j3. lap - 
(j3. ld|) smc/i £/iat 

(£ e , n e , £ e ) G © tf r © H r ~ 1 ). 

In order to prove Theorem 13. 1( we first state the following calculus inequality which 
will be used many times in this paper. 

Lemma 3.1. Assume that s > and p G (l,+oo). If f,g G 5(R d ) , the Schwartz class, 
then 

||A s (/5)||lp < C(\\f\\ LP1 \\g\\ H3 , P2 + \\f\\ A ., n \\g\\i») (3.7) 

and 

\\A s (fg) - f(A s g)\\ L ? < C\\Vf\\ LP1 + ||/||^, P3 \\g\\i* (3.8) 

withp2,P3 G (1,+co) such that 

11111 

P Pi P2 P3 Pi 

For a proof of this lemma, we refer to [6lll2j. 

Proof of Theorem \3.1\ By contraction argument, we first show that equation (13. 4p 
has a unique solution locally, then we extend this solution globally in time based on some 
uniform estimates. 

Denote M = H-EqII-H'H- 1 + || n oll-ff r + ll n !ll-f/'— 1 + ll^ollff r - 1 + ll-^illff r - 3 - Let < T < 1 
be determined later, and set X = C([0, T];H r+1 ), X M = {E G X; \\E\\ X < 2M}. Now 
we define the map T acting on X by 



T(E e ) = U{t)E e + [ U(t- r)f(E e (T))dr, V E e G X. 
Jo 

Our aim is to show that T has unique fixed point on X if T is small enough. 
Given £ e £ I, we obtain from (|3.5p that 



(3.9) 



\n e (t)\\Hr < (l+T)(\\n e \\ H r + \\nl\\ H r-i)+T\\E e f x ,Vt G [0,T]. (3.10) 
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Similarly, from (13.6|) we have 

\\B*(t)\\ H r-i < (l + mW\\Hr-i + \\nl\\ H r-i)+T\\E*\\ 2 x ,Vte [0,T]. (3.11) 

Note also that £ is a bounded linear operator from H k ~ 4 to H k , namely, there exists 
K > not depending on such that 

||£/||ff*<*1l/||ff*-4, V/Gff" 
This fact together with (l3TT0D - (l3~TTI ) yield 

\\fm\\ x < K{\\tf{E*)E*\\ c{ ^ T] , H r- 3) + \\E* x B*(E*)\\ c{[0>T] . H r- 3) ) 

<K sup (11^(^)11^11^11^+1 + \\B e (E e )\\ H r-x\\E e \\ H r+x) 
te[o,T] 

< 4KM 2 (l + AM), if E e G X M , 

then we have 

\\Tm\\ x < 11^11^1+ [ T \\fm\\ x dT 

Jo 

< M + 4KM 2 {1 + 4M)T. 

Hence we see that if T < min{ 4 ^ jv/(i+4Af ) > 1} =: ?i, then T maps Xm into itself. 
From the expression (|3.5p and (|3.6p . we also have 

||n(^)(t) - n(^)(t)||^ < T(\\E{\\ X + ||£J||x)||i^ - E%\\x, V t G [0,T], 
\\B(Ef)(t) - B(E e 2 )(t)\\ H r-i < T(\\Et\\ x + - V t G [0,T]. 

Using the above two estimates and (|3.10p - (l3.1ip . we know 

wm) - m)\\x 

< K sup (\\n'(E{)E{ " n e (E%)EZ\\ H r-3 + \\E{ x B\E\) - E\ x B £ (E|)|| H r- 3 ) 

te[o,T] 

< If sup (||n e (£;f)||jH|£i - + \\tf(E\)-tf(E\)\ H r\E\\ H r + i 

te[o,T] 

+ l|- Be (- E 'l)llH'- 1 11-^1 ~ £Hlff r+1 + II^O^l) ~ B e (El)\\ H r-l ||E||| ff r+l) 

< K(24M 2 + 2M)||£f - if Ef,.E| G X M . 
Therefore, there holds 

||T(£f) - T(^)||x < Tif(24M 2 + 2M)\\E\ - E%\\ x . 

If we choose T < min{ 2 k(24M^+2M) > -^i}> then T is a contraction map on Xjvf. So 
by fixed point theorem, we know that the equation (|3.9p has a unique solution E 16 G 
C([0,T];H r+1 ), and by (|33 ]) - (j3TSp . we know n e G C([0, T]; IT), £ £ G C([0,T}; H^ 1 ). 

Assume now T max is the maximal existence time of the solution (E e ,n e ,B e ) for the 
regularized system (|3.1ap - (|3.1dp . hence in order to complete the proof of Theorem 13. 1\ 
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we have to show that T max = oo. To this end, it is sufficient to prove that the quantities 
ll-£' e ||/i" r + 1 ! H^H-fr, Il n !l|if r - !) 1 1 1 1 — i , ||-B|||#r— 3 are bounded on the time interval 

[0 ) 2~max ) • 

It follows from (|3.2p that 

W\\ H 2 < C(=> \\E e \\ La o < C), (3.12) 

which in turn gives that (by (j3.5[) and ()3.6|) ) 

\\n e \\ m < C, \\B e \\ L 2 < C. (3.13) 

Besides, one also deduces from (j3.3|) that 

K e Hii-i + \\B!\\h-2 < C. (3.14) 

We emphasize that the constant C in the above estimates depends on the parameter e. 
Now multiplying (|3.1a|) by A 2r_2 i? e , and integrating the imaginary part, since 

Im(V(V • E e ) -aVx(Vx E e ), A 2r_2 £ e ) = 0, 

then we obtain from fl37FD, (l3TT2l) - (^T3l) that 

= [ K r - 1 {n € E € )K r - 1 'Wdx-i ! A r ~ 1 (E € x B t )N r ~ 1 E~ i dx 

< C(||n e ||^-i||^|| L oo + |[n e || i 4||£;i HI -M)||A r - 1 ^|| L2 (3.15) 
+ C(\\B e \\ Hr -i \\E e \\ L oo + || J B e || LP ||^|| H ,.- 1 , 9 )||A r ~ 1 ^|| L 2 

< C{\\n e \\ H r + \\B € \\ H r-i + ||£ e ||^ +1 )||£ e ||^ + i 
<C{\\n^l r + \\B% 2 Hr ^ + \\E^\\ 2 Hr+1 ), 

where we have used the following inequality (- + - = ~) 



lim ||_B £ || LP ||.E £ || Jf r-i,, < C\\E e \\ H r+i lim \\B e \\ LP < C\\E e \\ H r+i 

P-S-2+ p->2+ 

due to the fact ||-B £ ||l2 < C. 

We then multiply (|3.1bj) by A 2r ~ 2 n| and obtain 

i|(||A- 1 n £ || 2 2 + ||A^|| 2 2 ) 

= - J^k r+l (F-W)V- l nldx (316) 

< c{\m\ H r + ,\m\L°° + w\\ L ^\\w\\ H r + ,)\\K r - i n\\\ L 2 

/fr + l). 
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Similarly, by taking inner product of (pTTcj) with A 2r_6 Bf, then the same argument as 
above leads to 

l±(\\A r - 3 Bt\\l 2 + W^Blh + W~ 2 Bl 2 L i) 

= [ A r+1 (B e x&)A r - 3 n e t dx ( 3 - 17 ) 

JR d 

< C(\\Bf \\jjr-3 + H-E^Hfl-H-l)- 

Now summing the estimates (j3.15p - (|3.17p . and integrating the result, we can obtain 
||A r - 1 ^||| a + e 2 ||A r+1 B e || 2 2 + HA^nlHia + ||A r n e ||| 2 

ii — 3r?e||2 , 1 1 \r — l r>e 1 1 2 , 1 1 a r — 2 1 1 2 



+ ||A r - d fl t e ||£ a + \\A r ~ L B% 2 + \\A r - z B' ni 

~H \\H r ~ 1 \\ D t \\H r ~ 3 > 



<C + C I {\\n e \\ 2 Hr + \\B e \\ 2 Hr ^ + \\E e \\ 2 Hr+1 + Wnlfjjr-r + \\B e t \\ 2 Hr . 3 )dr, 
Jo 

this inequality together with the fact ||B e || 2 2 < C and (|3TT3>(pTH]) yield 

< C + C P (\\E e \\ 2 Hr+1 + \\n e \\ 2 Hr + \\7$\\ 2 H r-i + ll^l^-i + \\B e t \\ 2 Hr . 3 )dT, 
Jo 

hence by Gronwall's inequality, we get 

H-E^H^r+l + ||l*||jyr-l + II^Hh 1 - + l|B|||#T— 3 + ||-B £ ||/i-r-l < C, V t G [0,T max ). (3.18) 

The estimate (|3.18|) implies that the solution (B e , n e , B e ) can be extended to the interval 
[0,r max + 5], which contradicts the maximality, hence T max = oo. Therefore, the solution 
for regularized system (|3.1a|) - (|3.1d|) exists globally in time, and the proof of Theorem 13. II 
is complete. □ 



4 A prior estimates 

We will approximate the solution of the magnetic Zakharov system (jl.ip - (jl.2p by smooth 
solutions for the regularized system given in Section 3. Hence, in order to get strong or 
weak limit of these smooth solutions in the LfH^. topology, one must demonstrate the 
approximating solutions are uniformly bounded in this energy norm. Therefore, we are 
devoted to establishing a prior estimates for the system ()3.1ap - (|3,ldp in this section. 

Proposition 4.1. Let s > \, E G H s+1 , (n ,m) G H s © (B 5 " 1 nr 1 ), (Bo, Si) G 
(B s nB" 1 ) © (H s ~ 2 HF 2 ). Assume the sequence {(Bg, n^, n{ , Bg, Bf)} satisfying E^ G 
H r+1 , (n e ,n\) G H r © (H r ~ l n B _1 ), (Bq, Bf) G (B^ 1 n B^ 1 ) © (B r ^ 3 n B~ 2 ) with r 
large enough, and 

Bq -> B in B s+1 , 
n e -4 n in B s , nf rti in B* 5 " 1 n B _1 , (4.1) 
Bq B in H s n B _1 , Bf -> B x in B s ~ 2 n H~ 2 . 
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If (E e ,n e ,B £ ) is the smooth solution of regularized system (13. lap - (|3. left with the initial 
data (Eq, tiq, n\ , Bq, -Bf), then there exist T > and C > such that 



\ E£ \\c([0,T];H s + 1 ) + \\ ne \\c([0,T];H s ) + \\B £ 



\C{[0,T];H s nH- 1 ) 



n <C, 



\e: 



t\\C([0,T];Hs-l) + IPtllcQO^fp-lntf-l) + \\ B t\\c([0,T];H s - 2 nH- 2 ) - ^' 



(4.2) 
(4.3) 



where T and C are dependent of the norm of (Eq, no, m, Bo, B±), but independent of e. 



Proof. Note that the bound for the left hand side of (|3.18j) depends on e, hence, one can 
not use the same argument that leads to (|3. 18[) to obtain the estimate (|4.2p - (|4.3p . In 
order to derive independent of e, we first write (|3,lap in the following form 



iE\ + £V(V • E e ) - a£V x (V x E e ) - £{n e E € ) + iC{E e x B e ) = 0, (4.4) 
where £ = (I + e 2 A 2 )~ 1 . It is easily to see that £ satisfies the following properties: 



f (1) \\Cf\\ Hk <\\f\\ Hk , V^K, 

(2) (£f,f) = J Rd (£f)-fdx>0, 

(3) (£f,g) = (f,£g), 

k (4) £ commutes with Fourier multipler such as A s , V and so on. 



(4.5) 



Due to these properties, the operator £ can be easily dealt with in the following estimates. 
Since (14.11) holds, we have 



- E olliP+ 1 + ll ra oll# s + H^ill^s-in^-i + 1 1 -Bo 



\H s r\H 



-i + 11-^1 1 1 jy« 



2 nH~ 



< c , 



(4.6) 



where the magnitude of Co depends only on ||£xi||/p+i , ||no||/rs, ||m|| fl - s _i n g--i, 
W-BqWhsqh-i and ||i?i||^ s -2 n ^-2- 



• Low order norm estimates. 

By the conserved quantities (|3.2p and (13. 3p . there holds 



\E%, + \\nT L 2 + HnlH^ + + \\BT*-i + \\B 



,6 II 2 



) e ll 2 

h\\ H - 



e II 2 

t Wh-2 



< C(c ) + 



n e \E e \ 2 dx 



+ 



(E e x E £ ) ■ B e dx 



Then by Cauchy-Schwarz inequality, we have 



(4.7) 



n e \E e \ 2 dx 



<\\n^\ L 4E% 4 <±\\n% 2 + ±\\E^, 



(E e x E*) ■ B £ dx 



< ^\\B e \\h + gll-^lli*- 



(4.t 



Since \E e \ 2 = 2Im(iEf ■ E e ), then flJU) yields 



\E e \ 2 t = 21m 



( - £V(V • E e ) + a£V x (V x E e ) + £(n e E e ) - i£(E e x B £ )) ■ E* , (4.9) 
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hence we can obtain 

^ / \E e \*dx = 2 [ \E e \ 2 \E e \ 2 dx 

dt JM.d J K d 

< C(\\E% S+1 + \\E% s+1 (\\n*\\ H ° + \\B e \\ H -)) 

< C(\\E e \\ 2 Hs+1 + \\n e \\% s + \\B e \\ 2 H . + l) 3 

which implies that 

\\E € \\ 4 L 4 <C + C [ (\\E e \\ 2 H3+1 + \\n e \\ 2 Hs + \\B e \\ 2 Hs + if dr. (4.10) 
Jo 

Putting P~7]) . dO]) , (j4TT0|) together, then we have 

LHS of (SZni < C + C f {\\E'\\ 2 HS+1 + IHI^ + + l) 3 dr. (4.11) 

j o 

• High order norm estimates. 

Applying the operator A s to equation (|4.4p . then one has 

iA s E e t + A S £V(V • E e ) - aA s CV x (V x E e ) - A s £{n e E e ) + iA s £(E e x B e ) = 0. 

Taking inner product of this equation with — A S V(V • E e ) + aA s V x (V x E e ), and using 
the properties for C given by (|4.5p . one can obtain 

|(||A s (V.^)||| 2 +a||A s (Vx^)||i 2 ) 

= 21m / £A s (n € E € ) ■ (-A S V(V • IP) + aA s V x (V x ~W))dx 

JR d 

+ 21m i / £A s (E e x £ e ) • (A S V(V • W) - aA s V x (V x W))dx 
Js. d 

=:h+h- (4.12) 
We multiply equation ()3.1b|) by A 2s ~ 2 n\ and get 

= f A s n e A s \E e \ 2 dx 

= 21m / A s n e A s \( - £V(V • E e ) + a£V x (V x E € )) ■ W\ dx 

+ 21m / A s n e A s \(C(n e E e ) - iC(E e x B e )) ■ W] dx 
JR d L - 1 

= : / 3 + h- (4.13) 
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It is obvious that 



\h\ < C\\n € \\ H s(\\n e \\ H s\\E% 3+1 + \\B e \\ H s\\E e \\ 2 Ha+1 ) 

<C(\\n% s + \\B^% s + \\E% s+1 ) 2 . (4.14) 
Now we estimate I\ + I3. Since 

h+h = 21m f A s+l (n € E e ) • ( - A a_1 £V(V • W) + A s ~ x aCV x (V x W))dx 

jR d 



+ 2Im / A s n e A £ 



£V(V • E e ) + aCV x (V x E e )) ■ E ( 



dx, 



if we take f = E e , g = -A" 2 £V(V ■ E e ) + A~ 2 aCV x (V x E e ), h = n e , then Lemma 
I4TT1 below 

h+h = 21m / A s+1 (fh)A s+l gdx + 21m f A s (fA 2 g)A s hdx 

JR d JR d 

<C\\f\\ H s + i\\g\\ H s +1 \\h\\ H s 

< C||£" E ||^ s+ i ||n e ||_H-s 

<C(\\E% s+1 + \\n*\\ 2 HS + l) 2 . 
Multiplying equation ([3. lc|) by A 2s JB|, and using the fact 
(E e xW) t = 2ilm(E e t xE 7 ) = -2iRe{iE e t x ~W) 



(4.15) 



2/Rc 



(£V(V • E e ) - aCV x (V x E £ ) - £{n e E e ) + iC{E e x B e )) x ^ 



(4.16) 



then we obtain 
1 d 
Tdt 



||A S ~ 2 ^|| 2 2 + \\A s B'f L2 + IIA*- 1 ^ 6 !!^ +2i I A S (E € x E')A s B e dx 
i [ A s B e A s (E € x W) t dx 



2Re / A s B e A s 



(£V(V • E e ) - aCV x (V x E e )) x E* 



dx 



-2Re / A s B e A 
Again the term Iq can be estimated easily 



C{n e E e ) + iC{E e x B e )) x & 



dx 



(4.17) 



|I 6 | < C\\B e \\ H s(\\n e \\ H s\\ET H s+i + H^IMI^H^ 



< C{\\n e \\ 2 Hs + ||B £ ||^ B + ||£ e ||^ +1 
We need to estimate I2 + I5 ■ Rewrite I2 + I5 in the form 

I 2 + h = -2Re [ A s+1 (E e x B e ) • (A S ^£V(V • W) - A^aCV x (V x W))dx 

jR d 



j£l|2 



P eii2 \2 



(4.18) 



+ 2Re / A s 5 e A s 



£ e x (£V(V • E e ) - aCV x (V x E e )) 



dx, 
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if we again take f = E € , g = A~ 2 £V(V • E £ ) - A~ 2 aCV x (V x E e ), h = B € , then by 
Lemma |4. II below, we have 

I 2 + h = -2Re / A s+1 (/ x h)A s+l gdx + 2Re [ A s (f x A 2 g)A s hdx 



< C\\f\\ Hs +i\\g\\ H s+i\\n\\ H s 

<c(\\E% s+1 + \\B e \\ 2 HS + i) 2 . 

Combining (|4.12p - (|4.15p and (|4.17p - (|4.19p together, we arrive at 

l|A s (V • ^)||| 2 + e*||A s (V x E*)\\ 2 L2 + UA-^lli* + ||A s n e ||| 2 
+ \\A s ~ 2 B e t \\ 2 L2 + \\A S B € \\ 2 L2 + iia 3 " 1 ^!!^ 

< C + C [\\\n e \\ 2 HS + \\B e f HS + \\E e \\ 2 HS+1 fdT 

Jo 



+ 2 



A s \E e \ 2 A s n e dx 



+ 2 



A s (E e x E^)A s B £ dx 



Using Cauchy-Schwarz inequality, we obtain 



/ A s \E € \ 2 A s n e dx 



< \\A s n*\\ L2 \\A s \E*\ 2 \\ L2 < -||A*nl 2 2 + -||A^| 2 || 2 2 (4.21) 



and 



f A s (E e x E^)A s B e dx 



<\\A s B*\\ L2 \\A s (E*xE*)\\ L 2 
<\\\A°B% 2 + l -\\A s {E* xW)f L2 . 



Then by (|4.9p we have 

^- f {A s \E t \ 2 ) 2 dx = 2 [ A s \E e \ 2 A s (\E e \ 2 t )dx 

dt JM. d JR d 

< C(||£ e ||^ +1 + p e ||^ +1 (||n e ||^ + \\B e \\ H s)) 

< C(\\E e \\jj s+1 + \\n 6 \\ 2 Hs + \\B e \\ 2 Hs + l) 3 

which gives that 

||A s |£ e | 2 || 2 2 < C + C f (\\E € \\jj a+1 + \\n € \\ 2 H s + \\B € \\ 2 H s + if dr. 
Jo 

Using (|4.16p and the same argument, we can also get 



\E e x E^)\\l 2 <C + C (\\E e \\ z Ha+1 + ||n e ||^ + \\B e \\ z H3 + l) 6 dr. 

Jo 



(4.19) 



(4.20) 



(4.22) 



(4.23) 



(4.24) 
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Inserting (l42T|) - (f424]) into (j420|) . hence we have 



LHS of gjZQD <C + C [ {\\E e \\ 2 Hs+1 + ||n £ ||^ s + \\B e \\ 2 Hs + if dr. 

Jo 



(4.25) 



Conclusions. 



It concludes from the low order estimate (|4.1ip and the high order estimate (|4.25p 



that 



ll^ll^+i + h £ \\h + \\ Be \\ 2 H s n H-i + ll n tll^-inif-i + II- 8 * Hh— anff-a 
<C + C I (\\E e \\ 2 HS+1 + ||n e ||^ 3 + H^ll^ + l) 3 dr, 

where C depends on cq, hence by Lemma 14.21 below, we know there exist T > and 
C > both independent of e such that for all t € [0, T] 



\E 



e M 2 



+ \\n e \\ 2 H s + ll-B e ||^ flni j-i + IKH^-iotf- 1 + I' 5 * HiP- 2 ntf- 2 - C > ( 4 ' 26 ) 



>e||2 



,<E II 2 



>ei|2 



from which Proposition 14. II follows. 



□ 



Now we are going to prove the following lemma which is used in the proof of Propo- 
sition 14.11 

Lemma 4.1. Assume that f,g G H s+1 (M. d ) are C 3 valued functions, and h <E H s (M. d ) 
is a IR 3 valued function, and h € H s (M. d ) is a real valued function, s > i. Then the 
following three estimates hold: 



Im / A s+1 {fh) ■ A s+1 gdx + Im / A s (/ • A 2 g)A s hdx 

JR d JR d 

Re / A s+1 (fh) ■ A s+l gdx - Re / A s (/ • A 2 g)A s hdx 

JR d JR d 

Re f A s+1 (f x h) ■ A s+1 gdx - Re f A s (fx A 2 g) ■ A 

jR d JR d 



< C||/||ffs+i||<?||#s+i 

(4.27) 

< C||/ll^+ 1 ll5'll^+ 1 ll^l|ff s ! 

(4.28) 



'hdx 



< Hffllfl-o+i \\h\\H" 

(4.29) 



Proof We first show (j4T2?D . Denote the LHS of (lOTj) by | J| = | J x + J 2 |. The term J x 
can be written as 

J x = Im / [A s+1 (//i) - / A s+1 /i] • A s+1 #cte + Im / /A s+1 /i • A s+1 5d2; 

JR d JR d 

= Im / \A s+1 {fh) - fA s+l h] ■ A s+1 gdx 

JR d 

+ Im / A s /i[A(/ • A s+1 g) - f ■ A s+2 g]dx + Im I fA s h ■ A s+2 gdx 

jR d JR d 



(4.30) 
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From the commutator estimate (13.811. we have 



|Jll| < C(||V/||L=o||fc||H. + \\f\\Hs+4h\\L°°)\\g\\Hs+i 

< C||/ll^+i||5 , ll^+i||^ll^, (4.31) 



since s > |. The term J\2 can be estimated by commutator estimate (|3.8p again 

\M < c\\h\\ H s(\\vf\\ L ~\\ g \\ HS+1 + WfWmAaWHs+i,), 

where | + | = \. Since s > t[, we have _£P +1 <-} H lp for all p € [2, oo], then 

| ^12 1 < C||^||-ff s (||/||i^+i||ff||^+i + ||/||/r»+i||fflU«+i-9)) 
letting q — > 2 + in the above inequality, then we get 

\Ji2\<C\\f\\ Hs+ i\\g\\ H s + i\\h\\ H s. (4.32) 
Now we estimate J 2 . It is obvious that 

J 2 = Im / [A s (/ • A 2 #) - f ■ K s+2 g]K s hdx + Im / / • A s+2 gA s hdx 

=: J21 + J22. (4.33) 
Using commutator estimate (j3.8[) . we obtain 

IJ21I < C(\\Vf\\ L ~\\g\\ HS+ i + \\f\\ H ^\\g\\ H 2, q )\\h\\ Hs , 

where we select p, q satisfying 

1 1 1 d d d d 

- + - = -, — < 1 H — , H < s, 

p q 2 2 p 2 q 

hence we have H sJrl IP'^ and fP +1 i/ 2 ' 9 , and we therefore get 

\J2i\<C\\f\\ H s + i\\g\\ H s +1 \\h\\ H s. (4.34) 

Since J 13 + J 22 = 0, now (IQTj) follows from ()4T30D - (j4T34"D . If we replace fhyi-f, 
then (I4.28P is a direct consequence of (14.27|) . Moreover, if we expand the term A s+1 (/ x 
h) ■ A s+1 g and A s (/ x A 2 g) • A s h by the definition of dot product and cross product, 
then one can easily see that (14.29f) reduces to (|4.28p . We thus finish the proof of Lemma 

ED □ 

Now we end this section with the following elementary lemma. 

Lemma 4.2. Let u(t) be a continuous and nonnegative function defined on IR + , and 
suppose u obeys the integral inequality 



u(t) < Ai + A 2 [ u K (r)dT, K>1 
Jo 



(4.35) 
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for all t > 0, where A\, A 2 > 0. Moreover, let 

At 



v(t) 



(1 - (k - l)A*- 1 A 2 t) 1 /(K- 1 ) 
and 



" (k-1)A^ 1 A 2 ' 

Then 

u{t) < v(t), V t e [0,T*). 
Proof. It is obviously that v satisfies 

v{t) = Ai + A 2 f v K (r)dT, 
Jo 

hence this equality and ()4.35p yield 

u(t) - v{t) <A 2 [ k{6u{t) + (1 - 6)v(t)) k - 1 {u{t) - v{r))dr, 
Jo 

which implies that 

W{t) <A 2 [ k(6u{t) + (1 - e)v{T)) K ~ l w{T)dT, 

Jo 

where w{t) := (u(t) — v(t)) + = max{u(t) — v(t),0}. Fix any T < T*, since both u and v 
are nonnegative and continuous, we have < u(t), v(t) < K for all t £ [0, T]. Thus we 
obtain 

w(t) < kA 2 K k ~ x [ w(r)dT, 
Jo 

by Gronwall's inequality, then we have w(t) = for all t E [0, T\. Let T — > T* , Lemma 
HI2] thus follows. □ 



5 Strong convergence of the approximate solutions 

Under the prior estimates given in Proposition 14.11 we now show that the solutions 
(E e ,n e ,B e ) to the regularized system (j3.1a,|) - (|3.1d[) form a Cauchy sequence in the low 
order norm C([0, T); H 1 ©L 2 © {I? Pl-ff" 1 )) . Namely, we are going to prove the following 
lemma. 

Lemma 5.1. With the same assumptions as Proposition ^. 1\ then the family (E e ,n e , B e ) 
forms a Cauchy sequence in C ([0,T]; H 1 © I? © (L 2 HH^ 1 )), a.e. there holds 

sup (\\E e - E e '\\ H i + \\n e - n e '\\ L 2 + \\B e - £ e '|| i2ni j-i) -> 0, e, e' 0. (5.1) 
te[o,T] 

Moreover, there holds 

sup (||^-^|| H -i + ||n|-n| , || A _ 1 + ||J3 t e -fl| , ||^_ 2 )-^0, e, e' 0. (5.2) 

te[o,T] 
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(5.3d) 



Proof. For brevity, we set E = E e — E € ', n = n e —n e ', B = B e —B e '. Since (E e , n e ,B e ) and 
(E e ,n e ,B e ) both satisfy the regularized system (|3.1ap - (|3.1cp . then (E, n, B) satisfies the 
equation 

iEt + £V(V • E) - aCV x (V x E) - C{nE e + n e ' E) + iC{E x B e + E e ' x B) = 0, 

(5.3a) 

n tt - An = A(\E e \ 2 -\E € '\ 2 ), (5.3b) 
S tt + A 2 B — AB = -iA 2 (E e x ~W - E £ ' x E^ 7 ) (5.3c) 

with initial data 

E(0) =E e - E$, n(0) = n e - n(, n t (0) = n\ - n{, 
B(0) = B e -B^, B t {<S) = B\-B(. 

From equation (I5.3ap . one can obtain 

-^||£||! 2 = 2Im(C(nE e + n e ' E) - iC(E x B e + E e ' x B),E) 

< C(\\n\\ L2 \\E\\ L 2 + \\E\\ 2 L2 + \\E\\ L2 \\B\\ L 2) ( 5 ' 4 ) 

<C(||n||| 2 + 11^ + 11511^), 

where we have used the prior estimate (|4.2p in the first inequality above. 

If we multiply equation (|5.3ap by — V(V • E) + qV x (V x E), and integrate the 
imaginary part of the result, then we have 

j t (\\V-E\\ 2 L2 + a\\VxE\\ 2 L2 ) 

= 21m f C(nE e ) • (-V(V • E) + aV x (V x £))efe 

+ 21m f C(n e 'E) ■ (- V(V ■B) + aVx(Vx £))<fcc 

- 21m i [ C(E x B e ) ■ (-V(V J) + aVx(Vx S))di 

- 21m t / C{E e ' x 5) • (-V(V • E) + aV x (V x 
=: K x +K 2 + K 3 + K 4 . 

Using integrating by parts, Sobolev inequality, and the prior estimate (|4.2p . we can easily 
get 

\K 2 \ + \K 3 \<C\\E\\ 2 H1 . (5.6) 
Now taking inner product to equation (|5.3bp with A~ 2 nt, then 

\j t (llA-VilH, + ||n||£ 2 +2^(|^ e | 2 - I^T) -ndx) = Jj\Ef t -\E*'\ 2 )ndx. (5.7) 



(5.5) 
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From (14. 9j) . we compute 

|^| i 2 -|^'|? = 2Im 



£V(V • i£) + aCV x (V x E) 



+ £(nE e + n e 'E) - i£(E x B e + £ e ' x J3)) • £ e 



+ 21m 



£V(V • E e ) + a£V x(Vx£ e 



(5.8) 



+ C(n e 'E e ')-iC(E e ' x B e ')) E 



Plugging this equality into (|5.7p . and again using the prior estimate (|4,2p . sometimes 
integrating by parts, and using Sobolev inequality, then we have 



LHS of (Q < 21m 



ndx 



£V(V • E) + aCV x (V x E)) ■ E* 

+ C(||E||| 1 + H|| 2 + ||B||| 2 ) 

=:K 5 + C(\\E\\ 2 hi + \Hh + \\B\\h). 
For the equation (|5.3c|) . we multiply it by A _4 B^ and obtain 

— (llA-^ll^ + HBlli, + \\Ar l B\\l 

(FxF - £ e ' x W) t ■ Bdx. 



(5.9) 



+ 2i / (£ e xE*-E e x E e ') ■ Bdx 

Using (|4.16p . we have 
(FxF - E e> x W) t 



(5.10) 



2/Rc 



(£V(V • E) - aCV x(Vxfi) 



C(nE e + n e 'E) + iC(E x B e + E e ' x B)) x E*' 



(£V(V • E e ) - aCV x (V x E e 



+ 2fRe 

- £{n e E e ) - i£{E e x B e )) x E 
Then by the same reasonings that lead to (15. 8h . we have 
LHS of (GDI < -2Re 



(5.11) 



(£V(V • E) - aCV x (V x E)) x E^' ■ Bdx 

+ C7(|| J B||^ 1 + ||n||| 2 + ||S||| 2 ) ^ 5 - 12 ) 

=:K 6 + C(\\E\\h + \\n\\h + \\B\\ 2 L2 ). 

Note that K ± + K 5 = 0, K 4 + K 6 = 0, hence inequalities (pT4 > (|51) ]) . ([530]) and ([57T2T) 
yield 

f t (\\E\\h + || v • £||| 2 + a||v x £||| 2 + illA- 1 ^)!!, + 

+ ^ 2 B t \\h + \\\B\\l 2+ 1 -\\A-iB\\i 2 



(l#f - w 



e'|2> 



+ * / (E e x E* - E e ' x E e ') ■ Bdx) 



<C{\E\\ 



H 1 



+ \\ n \ 



L- 



\\B\\h). 
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By integrating this inequality, we obtain 



\\E\\ 



H 1 



+ ||n||2a + 



L 2 nH 



-i + 



1 + II -^t 11^-2 



H 



< C(\\E(0)\\ 2 H1 + ||n(0)||| 2 + 115(0)11^^., + \\nt{0)\\%-i + \\Bt(0)\\%- 



+ C 



+ c 



{\E € \ 2 - \E e \ 2 )-ndx 

+ C [\\\Ef Hl + ||n||| 2 + \\B\\ 2 L ,)dr 
Jo 



(E e x E £ -E e x E^') ■ Bdx 



(5.13) 



Applying Cauchy-Schwarz inequality, we have 
{\E e \ 2 - \E € '\ 2 )-ndx 

i 

{E e xW-E e ' xW) - Bdx 

i 

We deduce from (15,81) that 
d 



< -\\B\\ 2 L2 + -||£ £ X E e - E e ' x E> 



(5.14) 



'l|2 

\\l 2 - 



dt 



IH^I 2 - |^'| 2 ||| 2 = 2 f (|E e | 2 - |^'| 2 ) • (|^| 2 - \E*'\ 2 )da 



<C(\\E\\ 2 H i + h\\h + \\B" 2 



L 2 h 



thus one can obtain from this inequality 

IH^I 2 - |^'| 2 |li 2 < C\\E(0)\\h + C fiWmh + \Wh + \\B\\h)dr. 

Jo 

A similar argument yields(we shall use (|5.1ip instead) 



(5.15) 



\\E e xE*-E e x E*\fo < C\\E{$)f Hl + C I (\\E\\ z Hl + ||n||£ 2 + \\B\\^)dT. (5.16) 
Putting (|5.13p - (|5.16p together gives 



\\E\\ 2 Hl + \\n\\ 2 L2 + \\B\\ 



L 2 nH 



.i + IKH^-i + ||-Bt||_^- 



< c(\\E(o)\\ 2 H1 + |ko)||£ 2 + \\B(o)\\h n H-i + IK(o)&-i + 11^ 



H~ 2 > 



+ C f\\\E\\m + \\n\\ 2 L 2 + \\B\\ 2 L2 )dr. 
Jo 



(5.17) 



Since (|4.ip holds, by Gronwall's inequality, we thus deduce from (|5. 17j) that (E e ,n e ,B e ) 
is a Cauchy sequence in C([0, T]; H 1 © L 2 © (L 2 n # -1 )) . Moreover, from (ISTTT]) and the 
equation (|4.4|) . we get (|5.2|) . Then Lemma 15 . 1 1 follows . □ 



Remark 5.1. From (|4.2p . (|4.3p . (|5.ip . (|5.2p and the following interpolation in Sobolev 

spaces 



, Si < s 2 , si < s < s 2 , 



«2 - Si' 
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we have as e, e' — » 



sup (||£ e - E e \\ HS+ i + ||n e - rf \\ H s + - B e ||^- ni j-i) -> 0, 
*e[o,T] 

, , , (5.18) 

sup {\\E e t - E e t \\ H s-i + \\n\ - n\ || H .--i n ^_i + \\B\ - B\ \\ H% ^ k ^) -> 0, 
*e[o,T] 

for all s < s. 

6 Proof of the main theorem 

Proof of Theorem[TJ\ For given E G H s+1 , (n ,ni) G i? s (IT*- 1 n -H" -1 ), (B ,Bi) G 
(fP n ij" 1 ) (iP -2 n F~ 2 ), s > | , we choose (Eft, rag, n\ , £g, B\) sufficiently regular 
such that (|4.1|) holds. Then by the strong convergence results (|5.18p . we know that there 
exists (E, n, B) satisfying (e — > 0) 



(6.1) 



sup (\\E e - E\\ H s+i + \\n e - n\\ H s + \\B e - B\\ H s n ^-i) -> 0, 
te[o,T] 

sup (\\E e t - E t \\ H s-i + \\n e t - n t \\ H s-i n H-i + W B t ~ B t\\ H - s -^-2) ~> °> 
te[o,T] 

for all s < s. Moreover, for all s < s, we have 

n e E e ^nE in C([0, T];H S ), E £ x B e -> E x S, in C([0, T]; iT 5 ), 
|£| 2 ^|£| 2 in C([0,T];iJ s+1 ), E e xW ^ E xE, in <7([0, T]; iP +1 ). 

Now letting e -> in ipTIa|) - pld| >. and using the above strong convergence properties, 
we finally see that (E, n, B) is a solution of the original magnetic Zakharov system (jl.ip - 
(]1.2p . Furthermore, by the boundedness property (|4.2p - (|4.3p and the strong convergence 
property (|6.ip . we have 



(E, n, B) G C([0, T]; © # s © (H s n H~ 1 )) , 

(E t , n t , B t ) G C([0, T]; iP -1 © (IF" 1 n F" 1 ) © (H s ~ 2 D H~ 2 )). 

From Proposition 14. H the existence time T depends on the norm of the initial data. In 
fact, if T max is the maximal lifespan of the solution, then either T max = oo or T max < oo 
and 

\\E(t)\\ Hs+1 + \\n(t)\\ H s + Wntit)]]^^ + WBftWjj.rfi-i + \\B t (t)\\ Hs ^ n ^ 2 -)■ oo 

as t — >• T max . Hence, the local existence part of Theorem 11.11 is proved. 

For the uniqueness of the system (jl.ip - (|1.2j) . one can apply the same methods used in 
Lemma EH hence, the proof of uniqueness is essentially the same as the proof of (|5.ip . 
and we omit the details. We thus finish the proof of Theorem ll.il □ 

Remark 6.1. Taking e ->■ in (|372|) and (|373l> . and using (p~2j) - (l4~3|) . (i6~T1) . then we see 
that the solution of (jl.ip also satisfies the conservation laws (|2.ip - (|2.2p . Besides, the 
solution (E, n, B) obtained in Theorem 11.11 depends continuously on the initial data in 
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the following sense: There exists T\ > depending on R such that if Eq — » Eq in 
H s+1 , n{ ->• ?i in raj ->• m in fl" 8 - 1 n H' 1 , B 3 -> £ in F s n fl" -1 , -*• £1 in 
Bf s ~ 2 fl B~ 2 , and if (E J ,n J , B 3 ) is the corresponding solution of (jl.ip with initial data 
(.Eq, ng, rij, -Bq, B[), then (E J ,n J , B J ) is defined on [0,Ti] when j is large, and 

sup (\\E j - E\\ H s+i + \\n j - n\\ H s + \\B j - B\\ H s n ^-i) -> 0, 
te[o,Ti] 

sup (\\E J t - E t \\ H s-i + \\n{ - n t \\ H s-i n H-i + W t - B t \\ H ^ 2n ^^ 2 ) -»• 
te[o,Ti] 

for all s < s as j — > oo. 

Note that Theorem 11.11 needs the additional assumption ni,Bo G B -1 , -Bi € Ef~ 2 . 
As described in Section 1, this assumption is rather strong. In fact, this condition can 
be removed by splitting the initial data into low frequency part and high frequency part. 
Denote tp(£) G C c °°(R d ) such that < tp(£) = (p(\£\) < 1, (p = 1 if |£| < 1 and <p = if 
|£| > 2. For any given / 6 H r (M. d ), r 6 R, we decompose / = /l + /if, where 

£ = ¥>(£)/, 7^ = a - ¥>(£))/■ 

So one can easily see that Jl G -B fc for all k G R and /# G H R B/ z for all / < r. 
Furthermore, there holds 

II/lIIh* < max{5V,}||/|| Hr , \\fH\\ H i n Hi <max{2 _ 3,l}||/|| fl f. 

In this way, we can decompose n\ G H s as n\ = nn + n\n with nn G H k for all A; G R, 
niij £ H l H H l for all Z < s, and in particular n\n G iiP R E/ -1 . Moreover we have 

llniill/f* < C(fc,s) Unillfl-s, V k G R, ||n m || Hsn ^-i < ||ni||^- (6.2) 

Similarly, for given B G H s , Bi G B s ~ 2 , we have B = E l + B fr, Bi = B\ L + Bi#, 
where B 0L , B lL e H k (k G R), B # G B Sl R H Sl for all s x < s, B 1H G B S2 R B S2 for 
all S2 < s — 2 and 

||-Bol||h* <C(k,s)\\B \\ H s, \\B 1L \\ Hk <C(k,s-2)\\B 1 \\ He -2, V /c G R, 
II-^oj/II ffs ni j--i < ||B ||_e-s, ||-Bi/f||^-2 ni j--2 < C(s — 2)||B ||h»-2- 

Now we set 

n = n- tn 1L , B = B - B 0L - tB 1L , (6.4) 
and consider the equation 

iEt + V(V • E) - aV x (V x E) - (n + tn iL )E + iE x (B + B 0L + tB lL ) = 0, 
h tt - An = A|E| 2 + tAn 1L , 

B tt + A 2 B - AB = —iA 2 (E x E) - A 2 (B 0L + tB 1L ) + A(B 0L + tB\£) 

(6.5) 
with initial data 

E(0,x) = E , (n(0,x),n t (0,x)) = (n ,n 1H ), (B(0, x), J5 t (0, x)) = (B 0H , B 1H ). (6.6) 
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Note that the initial data ([63} satisfies the condition n t (0) € H" 1 , B(0) € #~\ B t (0) E 
F~ 2 . We also remark that if (E, n, B) solves dTTJ-dO]), then (E,h,B) defined by ([Oj) 
solves (|6.5p - (|6.6p . and vice versa. 

For the regular solution of equation (|6.4|) , a similar argument as in Proposition 12.11 
gives that ||i£(t)||£2 = ||I?o||l 2 an d 



±(\\V-E(t)\\l 2 +a\\VxE(t)\\l 2 + ±\\h 



! 2 + i||A- 1 n t (i)||i 2 + i||A- 2 JB < 



2 

L 2 



+ + i||A- 1 B(t)||i 2 + / h{t)\E(t)\ 2 dx+ f tn 1L \E(t)\ 2 dx 

z z JR d JR d 



+ i / (E(t) x • B(t)dz + i / x E{t)) ■ (B 0L + tSi L )da 

JR d JR d 

/ n 1L \E{t)\ 2 dx + i i Bi L ■ (E(t) x E{t))dx - t / Anu,A -1 ntda; 
A 2 (5 L + ^ 1L )A^ 2 Bidx- / (B 0L + tB 1L )A- 2 B t dx. 



(6.7) 



Using (|6.2p . (|6.3p and the fact ||-E||l2 = ||£Jo||l 2 > we have 
RHS of 

and 



< c + c(i + OdlA- 1 ^ ||| 2 + HA- 2 ^!! 2 ,; 



inii|^(t)| 2 dx 



< i||^iL||L°° \\Eo\\ t2 < Ct 



: f (E(t) x £(i)) • (B 0L + iBi L )dx 



< C(l + t). 



Integrating (I6.7p . and applying the same method given in Lemma 12.21 and Gronwall's 
inequality, we can bound the quantity 



\E\ 



li 



+ \\n\ 



L 2 



by the norm of initial data (|6.6|) . If we return to our original system, then we can obtain 
the following result. 

Lemma 6.1. Assume (E, n, B) is a sufficiently regular solution to the magnetic Zakharov 
system (|l.ll) - (ll.2p . and let 2\\Eo\\ 2 L2 < \\Q\\ 2 L 2 in the case d = 2, where Q = Q(x) is the 
ground state solution of 

AQ-Q + Q 3 = 0, xeM 2 , 



and \\Eq\\ h i small when d = 3. Then 



+ \H\h + Nllfr-i + ll^ll! 2 



l-Btllif-2 < C, 



here the constant C depends on t, \\Eq\\ h i, ||no||i2, ||ni||#-i, ||.BoIIl 2 ) ll-^illif- 2 - 

Again Lemma 16. II implies the existence of weak solution for the magnetic system. 
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Theorem 6.2. If Eq € H 1 , (n ,ni) G L? © H -1 , (B ,Bi) € L 2 © i? -2 , and £/ie initial 
data satisfying 2\\Eq\\ 2 l2 < ||Q|| 2 2 in the case d = 2 and \\E$\\ H i small in d = 3, i/ien 
there exists a weak solution (E, n, B) for the system (jl.lj) in the sense of distributions 
such that 

EeCfR+iff 1 ), (n,n t )eL^ c (R + ;L 2 (BH~ 1 ), (B, B t ) € Lf£ c (R + ; L 2 © H~ 2 ). 

Due to (|6.2p and (|6,3p . we see that the low frequency part of n±, Bq and £?i appearing 
in the equation (]6.5f) can be well controlled. Therefore, one can follow the same procedure 
as in Section 3-Section 5 and then get the existence and uniqueness of solution for the 
equation (|6,5h with initial data (16. 6h , which in turn leads to Theorem 11.21 Since this 
process is much the same as the proof of Theorem 11.11 the details are omitted. Hence, 
in this way, Theorem 11.21 is proved. 
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